This paper continues the study of the inductiveness of posets in terms of fixed apexes and points. The author proves some new equivalents of the Axiom of Choice, i.e., Zorn's lemma. These statements are of fixed apex type and fixed point type theorems. The paper includes comments about these theorems and presents new characterizations of inductiveness and quasiinductiveness of posets in terms of fixed apexes and fixed points.
Introduction
We shall first discuss an assumption that appears to be independent of, and yet consistent with (see [G] ), the usual logical assumptions regarding classes and correspondences, but whose absolute validity has been seriously questioned by many authors. This is the so-called Axiom of Choice, which has excited more controversy than any other axiom of set theory since its formulation by Zermelo in 1908 . In this sense, many results are known in the set theory (see references).
The fixpoint problem for a given mapping f\P is very easy to formulate: the question is whether some Ç £ P satisfies /(£) = £ . Many problems are reducible to the existence of fixpoints of certain mappings. The question remains whether some statement (of the axiom of choice type) could be equivalently expressed in the fixpoint language as well. The answer is affirmative.
In this paper we prove some equivalents of the Axiom of Choice. These statements are of fixed point type theorems and fixed apex type theorems. Also, this paper presents new characterizations of inductiveness of posets in terms of fixed apexes and fixed point.
Call a poset (partially ordered set) P inductive (chain complete) when every nonempty chain in P has an upper bound (least upper bound, i.e., supremum) in P. Also, call a poset P quasi-inductive (quasi-chain complete) when every nonempty well ordered chain has an upper bound (supremum) in P.
In [Ta2] we consider the concept of fixed apexes for the mapping / of a poset P into itself. A map / of a partially ordered set P to itself has a fixed apex u £ P if for u £ P there is v £ P such that f(u) = v and f(v) = u. Fixed points are clearly fixed apexes and the set of all fixed points can be a proper subset of the set of fixed apexes. On the other hand, / has a fixed apex if and only if f2 :-f(f) has a fixed point. For if / has a fixed apex u £ P, then u = f(v) and v = f(u), so f2 has a fixed point. If the equation x = f2(x) has a solution ¿; = /2(£) for some £, £ P, then / has fixed apexes i , /(Í) G P because í = /2(¿) and /(£) = M).
Let F be a partially ordered set and / a mapping from P into F . For any f:P-*P it is natural to consider the following set:
Sub/(F) := f(P) U {a £ P\a = ubC for some chain C in f(P)}, where ubC is an upper bound of C.
Main results
We are now in a position to formulate our main general statement.
Theorem 1 (Axiom of Choice). Let P be a set partially ordered by an ordering relation <. Then the following statements are equivalent: (ZL) (Zorn 's lemma) Let P be an inductive poset. Then P has a maximal element.
(FA) [Ta2] Let P be an inductive poset and f a mapping from P into P such that (M) x<f2(x) for all x £ Sub f(P).
Then f has a fixed apex.
(FP) [Ta2] Let P be an inductive poset and f a mapping from P into P such that (N) x < f(x) for all x £ Sub f(P).
Then f has a fixed point.
(ZT) [Z] Let P be a chain complete poset and f a mapping from P into itself such that (a) there is an element 6 £ P with 6 < x, for all x £ P ; (b) x < f(x) for all x £P; (c) if x, y £ P and x < y < f(x), then either x -y or f(x) < f(y).
Proof. We prove the following sequence of implications:
(ZL) =*• (FA). By Zorn's lemma there exists a maximal element z £ P, i.e., Sub/(F) has a maximal element z g Sub/(F).
From condition (M) we have z < f2(z) and, because z is a maximal element of set Sub/(F), f2(z) < z . Hence, f2(z) = z ; so from the preceding remarks, / has a fixed apex.
(FA) => (FP). From (N) we have f(x) < f2(x), i.e., x < f(x) < f2(x) for all x G Sub/(F). Since (M) holds, it follows from (FA) that / has a fixed apex u £ Sub/(F).
Then u = f(v) and v = f(u). From inequality (N) we have the following inequalities: u < f(u) = v < f(v) = u, i.e., u = v = f(u). Thus / has fixed point.
(FP) => (ZT). Since P is chain complete, Sub/(F) is an inductive poset. Applying (FP) to the set Sub/(F), we obtain that / has a fixed point.
(ZT) => (ZL) (Proof sketch). Suppose that (ZL) is false. Let Lq be the family of all nonempty linearly ordered subsets of F and let L = Lo U {0}. The family L is partially ordered by the inclusion relation c between subsets of F. For each A £ Lq the set An = {x £ P : x is an upper bound for A and x ^ A } is nonempty because if x is an upper bound for A and y £ P is such that x < y and x jé y then u £ UA. Let U0 -{xo} , where Xo is an arbitrary element of F.
Let / be a function defined on L such that f(A) = A U {^(u7^)} for all A £ L, where g is the identity mapping g(x) = x with domain {UA : A £ L}. Now L satisfies the condition of chain completeness of (ZT). By definition of / we have A c f(A) so that condition (b) of (ZT) is satisfied, as well as conditions (a) and (c); but / has no fixed point, i.e., we have a contradiction. This completes the proof.
A brief and simpler proof of the statement that (ZT) implies (ZL) may be found in [RR2, p. 72] .
In this connection, we give some new strong forms of (FA) and (FP) from Theorem 1. Also, we present a new characterization of inductiveness (quasiinductiveness, chain-completeness) of posets in terms of fixed apexes.
Our next purpose is to prove a result about partial order relations, now usually called Zorn's lemma, which has far-reaching consequences in several branches of mathematics. We give a strong form of Zorn's lemma due to Bourbaki, for well-ordered (:= wo) chains.
Lemma 1 [Bo] . Let P be a quasi-inductive partially ordered set: Then P has a maximal element.
Let F be a partially ordered set and / and a mapping from F into F . For any f:P->P it is natural to consider the following set:
Sub[/(F)) := f(P) u {a £ P\a = ubC for some wo chain C in f(P)}, where ubC is an upper bound of well-ordered chain C .
Lemma 2 (Fixed Apexes Lemma). Let P be a quasi-inductive (quasi-chain complete) poset and f a mapping from P into P such that
Proof. By Lemma 1 there exists a maximal element z £ P ; i.e., Sub[/(F)) has a maximal element z g Sub[/(F)). From condition (M') we have z < f2(z) and, because z is a maximal element of Sub[/(F)), we have f2(z) < z . Hence, f2(z) -z ; so from the preceding remarks, / has a fixed apex.
The lemmas help to obtain the following result. We show later that the existence of a fixed apex for each mapping from a poset into itself that satisfies (M') is a necessary and sufficient condition for the poset to be quasi-inductive.
Theorem 2. If F is a poset such that every f:P->P that satisfies (M') has a fixed apex, then P is quasi-inductive. ( The Axiom of Choice is not used in the proof.)
Proof. We have to show that under the assumption that the poset F is not quasi-inductive there exists a mapping / on F to F with condition (M1) and without fixed apexes.
Suppose F is not quasi-inductive. Then there exists a well-ordered chain C in F that has no upper bound. Let U be a chain cofinal with C such that U := {x £ C|xo < x}, xo := a fixed element of C = min U .
Thus all elements of U can be arranged in a sequence, i.e., one can show that there exists a strictly increasing sequence {xa} in U such that its upper bound does not exist. We define a mapping / from F into itself by
where xa < xa+\ (xa jé xQ+i) for any a < w , and where w is any ordinal. Now, for any x G U(D Sub[/(F))) we have x < f2(x), i.e., x = xa < xa+2 = f(xa+i) -f(f(xa)) = /2(xa) = /2(x) for a < w , so / satisfies (M') and does not have a fixed apex.
The following result of Bourbaki [Bo] allows us to prove the basic fixpoint theorem for complete posets.
Lemma 3. Let P be a chain complete poset and f:P->P a map such that x < f(x) for all x £ P. Then f has a fixpoint.
Our next statement extends this lemma to quasi-inductive posets.
Lemma 4 (Fixed Point Lemma). Let P be a quasi-inductive poset and f:P->P a map such that (N') x < f(x) for all x G Sub[/(F)).
Then there exists a fixed point of f.
A brief proof of this statement based on Bourbaki's lemma may be found in [Ta3] .
We say that F has the quasi-general fixed point property if every map f of P into itself with condition (N') has a fixed point. Analogously, F is said to have the quasi-fixed apex property if every map f of P into itself with condition (M') has a fixed apex.
Theorem 3. Let P be a partially ordered set. Then the following statements are equivalent:
(a) F is quasi-inductive. (b) F has the quasi-fixed apex property. (c) F has the quasi-general fixed point property.
Proof. From Theorem 2, (a) is equivalent to (b). Lemma 4 implies that (c) is a consequence of (a). Thus, we need only show that (c) implies (a).
Suppose F is not quasi-inductive. Then there is a chain C in F that does not have an upper bound. Let U be an ordered chain cofinal with C. Define a mapping / from F into itself by (1). Then / is well defined and for any x G Sub[/(F)) we have x < f(x), i.e., x = xa < xa+i = f(xa) = f(x). Thus, / satisfies (N') and does not have a fixed point.
Theorem 4. // F ¿s a poset such that every mapping f:P^>P that satisfies (M) has a fixed apex, then P is quasi-inductive. (The Axiom of Choice is not used in the proof.)
The proof is analogous to the proof of the preceding statements. As indicated in [Ta2] , P is said to have the general fixed point property if every map f of P into itself with the condition (N) has a fixed point. Analogously, F is said to have the fixed apex property if every map f of P into itself with the condition (M) has a fixed apex. The following theorem summarizes things in [Ta2] and in preceding statements.
Theorems. Let P be a partially ordered set. Then the following statements are equivalent:
(a) F is inductive. We note, as an immediate application of the preceding statement (equivalents of inductiveness and quasi-inductiveness), that Zorn's lemma and Bourbaki's lemma are equivalent.
Let F be a partially ordered set and / a mapping from F into F. For any f.P^P it is natural to consider the set JJP) := f(P) U {a £ P\a = sup C for some chain C in /(F)} .
Analogously, Bourbaki's Lemma, Fixed Apexes Lemma, and Fixed Point Lemma are equivalent. Also, we have the following statement as a consequence.
Theorem 6 (Well-Ordering Principle). Let P be a set partially ordered by an ordering relation < . Then the following statements are equivalent: (a) Bourbaki 's Lemma.
(b) Let P be a quasi-chain complete poset. Then P has a maximal element.
(c) Let P be a chain complete and f a mapping form P into itself such that (IM) x</2(x) for all x £fJF).
(d) Let P be chain complete and f a mapping from P into itself such that
Based on Theorem 1 and the above facts, we prove Theorem 7 (Local forms). Let P be a partially ordered set with ordering relation <. Then the following statements are equivalent: (a) Zorn 's lemma.
(b) Let P be a quasi-chain complete poset, and f an increasing mapping from P into P such that (LM) a<f2(a) for some a £ P.
(c) [Ta3] Let P be a quasi-chain complete poset, and f an increasing mapping from P into P such that (LN) a < f(a) for some a £ P.
Proof, (a) => (b). Consider the subset A of X given by A :-{x £ X : x < f2(x)}. From this condition we see that A is nonempty. Since x < f2(x) implies f(x) < f2(f(x)), and we therefore have that / maps A into A. Next, let C be a nonempty well-ordered chain of A and £ a least upper bound of C . Also, since x < ¿j for every x G C , it follows that f2(x)<f2 (£) for every x £ C. However, since C is a subset of A , it follows that x < /2(x) < f2(£,) for every x £ C. So /2(¿) is an upper bound of C and, consequently, £ < /2(í) • It then follows that A is a nonempty poset with the property that each nonempty well-ordered chain of A has an upper bound, i.e., A is a quasiinductive set and / maps A into A; thus, according to (FA) of Theorem 1, we see that / has a fixed apex, as desired.
The proofs for (b) =>■ (c) and (c) => (a) are analogous to the proofs of the statements (FA) =^ (FP) and (ZT) => (ZL) of Theorem 1.
An immediate corollary of the preceding Fixed Point Lemma and its proof is Theorem 8. Let F be a family of mappings of a poset P into itself such that x < f(x) for allx£P, all f £ F.
If P is a quasi-inductive poset, then the family F has a common fixed point for all f£P.
As proved in the author's Thesis [Tal] , the following statements are equivalent: Zorn's lemma, (ZT), and Theorem 8. (Also see [Ta3] .) A special case of the above statement can be found in [RR2] . They credit Abian [A] , who formulated a fixed point theorem equivalent to Zorn's lemma.
An immediate corollary of the above Fixed Point Lemma is the following equivalent form of the Axiom of Choice.
Theorem 9. Let F be a family of mappings of a poset P into itself such that x<f2 (x) for all x £ Sub[/(F)), all f £ F .
If P is a quasi-inductive poset, then the family F has a common fixed apex for all f£F.
The proof is analogous to the proof of the preceding statement.
In concluding, we note that the fixed apex theorems can easily be generalized from f2 to f" := /(/""') for n > 2.
The conception of apexes can be broadened from f2 to f" for some positive integer n > 2 . The points U\ , ... ,u" £ P are called fixed apexes of /: F -» F if (AL) «i = f(u2), u2 =f(u3), ... , un-\ =f(u"), u" =/(«i) or if (AR) u2 = /(mi), u-i = f(u2), ... ,u" =/(tt"_i), «i =f(u") for some positive integer « > 2 . We note that i/ze map / has fixed apexes u\, ... , un £ P if and only if f" for n > 2 has a fixed point. For if / has fixed apexes U\, ... ,un £ P then i/i = f(u2) = f2(ui) = ■■■ = /""'(«") = fn(ux), or u" = /(w"-i) = • • • = f"~l(u\) = f"(u"), so /" has a fixed point. On the other hand, if the equation x = f"(x) has a solution £ = f"(c;) for some Ç £ P, then / has fixed apexes Ç, /""'(£), /n"2(£), ... , /(i) because í = /"(£), /""'(£) = f(f"-2(i)),...,f(i) = f(i).
It will be observed that all results for fixed apexes from this paper and from [Ta2] hold for the generalizations of fixed apexes given by (AL) and (AR). We state only the following basic result, which is also an equivalent form of the Axiom of Choice.
Lemma 5. Let P be a quasi-inductive poset, and f a mapping from P into P such that for some positive integer n > 2, x < fn(x) for all x £ Sub[/(F)).
Then there exist fixed apexes of f.
The proof is analogous to the proof of Lemma 2.
